Abstract. In this paper we show the existence of at least three nontrivial solutions to the following quasilinear elliptic equation −∆pu = |u| p * −2 u + λf (x, u) in a smooth bounded domain Ω of R N with homogeneous Dirichlet boundary conditions on ∂Ω, where p * = N p/(N − p) is the critical Sobolev exponent and ∆pu = div(|∇u| p−2 ∇u) is the p−laplacian. The proof is based on variational arguments and the classical concentration compactness method.
One of the advantages in using Ekeland's variational principle is that it allows to split the geometry of the problem from the compactness aspect of it. This approach simplifies the one applied by M. Struwe in [21] for the subcritical case.
The use of the concentration compactness method to deal with the p−Laplacian has been used by several authors before. One of the first results in this direction was obtained by J. García Azorero and I. Peral in [16] . Here, we borrow some ideas from that work.
For related results with subcritical growth, see the already mentioned [21] and more recently [4, 23] .
Also, for related results with critical growth, but with subcritical power perturbation, see the seminal work of M. Guedda and L. Veron [17] and, more recently, the paper by S. Cingolani and G. Vannella [5] .
Throughout this work, by (weak) solutions of (P) we understand critical points of the associated energy functional acting on the Sobolev space W 1,p 0 (Ω):
where
so the functional Φ can be rewritten as
Assumptions and statement of the results.
The precise assumptions on the source terms f are as follows:
is a measurable function with respect to the first argument and continuously differentiable with respect to the second argument for almost every x ∈ Ω. Moreover, f (x, 0) = 0 for every x ∈ Ω. (F2) There exist constants c 1
Remark 1. Observe that this set of hypotheses on the nonlinear term f are weaker than the ones considered by [20] .
Remark 2. We exhibit now two families of examples of nonlinearities that fulfill all of our hypotheses.
•
Hypotheses (F1)-(F2) are, again, clearly satisfied.
So the main result of the paper reads:
, there exist λ * > 0 depending only on n, p, q and the constant c 3 in (F2), such that for every λ > λ * , there exists three different, nontrivial, (weak) solutions of problem (P). Moreover these solutions are, one positive, one negative and the other one has non-constant sign.
Proof of Theorem 1.
The proof uses the same approach as in [21] . That is, we will construct three disjoint sets K i = ∅ not containing 0 such that Φ has a critical point in K i . These sets will be subsets of C 1 −manifolds M i ⊂ W 1,p (Ω) that will be constructed by imposing a sign restriction and a normalizing condition.
In fact, let
where u + = max{u, 0}, u − = max{−u, 0} are the positive and negative parts of u, and ·, · is the duality pairing of W 1,p (Ω).
Finally we define
First, we need a Lemma to show that these sets are nonempty and, moreover, give some properties that will be useful in the proof of the result.
Proof. We prove the lemma for M 1 , the other cases being similar.
For w ∈ W 1,p 0 (Ω), w ≥ 0, we consider the functional
Given w 0 > 0, in order to prove the lemma, we must show that ϕ 1 (t λ w 0 ) = 0 for some t λ > 0. Using hypothesis (H3), we have that:
where the coefficients A, B and C are given by:
Since p < q < p * it follows that ϕ 1 (tw 0 ) is positive for t small enough, and negative for t big enough. Hence, by Bolzano's theorem, there exists some t = t λ such that ϕ 1 (tλu) = 0. (This t λ needs not to be unique, but this does not matter for our purposes).
In order to give an upper bound for t λ , it is enough to find some t 1 , such that ϕ 1 (t 1 w 0 ) < 0. We observe that:
so it is enough to choose t 1 such that At
Hence, again by Bolzano's theorem, we can choose t λ ∈ [0, t 1 ], which implies that t λ → 0 as λ → +∞.
For the proof of the Theorem, we need also the following Lemmas.
Lemma 2. There exist c j > 0 such that, for every u ∈ K i , i = 1, 2, 3,
Proof. As u ∈ K i , we have that
This proves the first inequality. Now, by (F3)
By (3), we have:
This proves the third inequality.
To prove the middle inequality we proceed as follows:
This finishes the proof.
Lemma 3.
There exists c > 0 such that
Proof. By the definition of K i ,by (F3) and the Poincaré inequality we have that
As p < q < p * , this finishes the proof.
Lemma 4. There exists
Proof. By (F3) and the Poincaré inequality we have
is small enough, as p < q < p * .
The following lemma describes the properties of the manifolds M i .
, 2 (i = 3) respectively. The sets K i are complete. Moreover, for every u ∈ M i we have the direct decomposition
where T u M is the tangent space at u of the Banach manifold M . Finally, the projection onto the first component in this decomposition is uniformly continuous on bounded sets of M i .
Proof. Let us denoteM
, therefore it is enough to prove that M i is a C 1 submanifold ofM i . In order to do this, we will construct a C 1 function ϕ i :
respectively and M i will be the inverse image of a regular value of ϕ i .
In fact, we define: For u ∈M 1 ,
Obviously, we have
. From standard arguments (see [9] , or the appendix of [19] ), ϕ i is of class C 1 . Therefore, we only need to show that 0 is a regular value for ϕ i . To this end we compute, for u ∈ M 1 ,
By (F3) the last term is bounded by
Recall that c 1 < 1/(p * − 1). Now, the last term is strictly negative by Lemma 3. Therefore, M 1 is a C 1 sub-manifold of W 1,p (Ω). The exact same argument applies to M 2 . Since trivially
for u ∈ M 3 , the same conclusion holds for M 3 .
To see that K i is complete, let u k be a Cauchy sequence in
. Now it is easy to see, by Lemma 3 and by continuity that u ∈ K i .
Finally, by the first part of the proof we have the decomposition
With this choice, we have that
The very same argument to show that
From these formulas and from the estimates given in the first part of the proof, the uniform continuity of the projections onto T u M i follows. Now, we need to check the Palais-Smale condition for the functional Φ restricted to the manifold M i . To this end, we need the following lemma from [16] which proves the Palais-Smale condition for the unrestricted functional below certain energy level.
Lemma 6 (J. García-Azorero, I. Peral, [16] ). Let S p be the best Sobolev constant
Then, the unrestricted functional Φ verifies the Palais-Smale condition for energy level c for every c < Proof. Let {u k } ⊂ K i be a Palais-Smale sequence, that is Φ(u k ) is uniformly bounded and ∇Φ| Ki (u k ) → 0 strongly. We need to show that there exists a subsequence u kj that converges strongly in K i .
Let v j ∈ T uj W 1,p 0 (Ω) be a unit tangential vector such that ∇Φ(u j ), v j = ∇Φ(u j ) W −1,p ′ (Ω) . Now, by Lemma 5, v j = w j + z j with w j ∈ T uj M i and z j ∈ span{(u j ) + , (u j ) − }.
Since Φ(u j ) is uniformly bounded, by Lemma 2, u j is uniformly bounded in W 1,p 0 (Ω) and hence w j is uniformly bounded in W 1,p 0 (Ω). Therefore ∇Φ(u j ) W −1,p ′ (Ω) = ∇Φ(u j ), v j = ∇Φ| Ki (u j ), v j → 0.
